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Table 1 Accuracy of the integration rule for 7(0)

Exact Two-point Four-point

(1-

#
COS ~ l r)
Vl+T,2

*2)logd+i,2

-0.9716595
-3.1415926
-1.0656799

) 0.2240980

-0.9719117
-3.1415926
-1.0717967
0.383576

-0.9716595
-3.1415926
-1.0657672
0.2259250

5) There is no numerical difficulty involved in obtaining
the weights and abscissas because the standard Gauss-
Legendre coefficients used can be found to great precision
from tables or stable numerical computations.6

The effectiveness of this quadrature rule is demonstrated
in Table 1, where £Li/(*j)/i?2di7 for four different functions
f(rj) is shown. The exact value is compared with two and four-
point rules and it can be seen that the convergence is quite
satisfactory.

Finite value integrals can be scaled and translated. A fur-
ther useful property, which facilitates the computation of
I(y) for general limits of integration, is that

f * /(i?) H r-c /(i?) . , Ly+c fW
*« (rj-y)2 * J« (r,-y)2 * Vc (T7-J)2

(v-y) -dr/ (8)

with y + c and y — c within the limits of the original integral.
This statement can be proved rigorously.7 The finite part can
then be evaluated using Eq. (7) after the appropriate scaling
and translation, although care should be taken to obtain the
nonsingular parts for c<\ because of the large l/rj2 con-
tribution. A special Gauss rule with l/y2 weighting may be
used in this case.

Conclusion
A special quadrature rule, which can be used for the direct

numerical evaluation of the finite part of a double-pole
singular integral, has been presented. Its application to sub-
sonic aerodynamic problems greatly simplifies the algebra in-
volved in lifting surface theories, a fact that makes it possi-
ble to use the kernel function approach for complex prob-
lems. The author is currently involved in applying this
technique to compute time-accurate transient aerodynamic
loads on wings.10

To date, no attempt has been made to investigate with full
generality the convergence properties of the given quadrature
rule.
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Nomenclature
= cross-sectional area, m2

= cross-sectional area occupied by the gas phase, m2

= total surface of the particles, m2

= velocity of sound in gas/particle mixture, m/s
= velocity of sound in gas phase, m/s
= particle drag coefficient
= gas specific heat at constant pressure and volume,

respectively, J/kg K
= particle heat capacity, J/kg K
= particle diameter, m
= internal energy per unit volume, J/m3

= drag coefficient ratio
= interaction force between the phases
= mass flow, kg/s
= convective heat transfer coefficient, W/m2k
= total enthalpy, J/kg
= thermal conductivity (gas), W/mk
= gas- and particle-phase Mach numbers, respectively
= number of particles per unit volume
= particle Nusselt number
= gas-phase pressure, N/m2

= heat flux per unit length, W/m3

= gas constant, J/kg K
= particle Reynolds number
= slip ratio
= temperature, K
= temperature ratio Tp/Tg
= velocities, m/s
= axial coordinate, m
= void fraction
= loading ratio, GP/G~
= gas viscosity, Ns/m*
= specific heat ratio
= density, kg/m3

b
c
CD

Eg,Ep

F
Gg,Gp

N
Nu
P
Q
R

T T1 8>2P

ug,up
X
ct,ctp

Superscripts
(*) = bulk conditions
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Subscripts
g,p = gas- and particle-phase, respectively

Introduction

GAS/PARTICLE flows have been studied from several
points of view. Many authors have contributed to nozzle

flows; the earlier theories (see Rudinger1'2 and Kriebel3),
were based on the quasi-gas approximations, i.e., the proper-
ties of gas were modified due to the presence of the particles.
The advantage of these theories is that classical-gas dynamic
theories can be used with the properties of the quasi-gas.
These theories have been developed to include slip between
the gas and particles in velocity and temperature (Kliegel4).
From about 1960, theories based on the consideration that
the particle phase is a continuum have been presented, in
particular, by Wallis,5 Di Giacinto et al.,6 Chang,7 and
Sharma and Crowe.8 Chang and Di Giacinto presented two-
dimensional time-marching steady-state solutions of gas/par-
ticle flows, where two sets of mass, momentum, and energy
equations have been solved simultaneously. Recently,
Chang9 published a three-dimensional steady-state calcula-
tion of gas/particle nozzle flows.

Rudinger,10 Kriebel,3 and Wallis5 presented methods for
solving normal shock waves in gas/particle suspensions.
These methods are strongly limited to one-dimensional flows
and have a disadvantage in quasi-one-dimensional flow, e.g.,
in a convergent/divergent nozzle. The disadvantage is due to
the location of the shock; to avoid this problem the time-
dependent equations can be used.

In this Note, a time-dependent method is applied to the
solution of the fully-coupled gas/particle, quasi-one-
dimensional flow inside nozzles. The time-dependent method
is shown to yield good resolution of the entire flow region
where we have subsonic, transonic, and supersonic flow in-
cluding shock.

Characteristic Parameters and Governing Equations
It is possible to choose different physical models to

describe the gas/particle flow in correspondence to different
conditions and values of the characteristic parameters which
appear in the governing equations. Parameters in connection
with the physical condition are considered first.

Let the solid particles be spherical with diameter d, constant
material density pp, and the number density N of the par-
ticles sufficiently large to consider the solid phase as a con-
tinuum. That is, a volume of the order of G(63) with
d<d<L, where L is the characteristic length scale of the
flowfield.

The gas-phase void fraction is

a=Ag/A=ll/(l+Ppgug/Ppup)] (1)

where 0 is the loading ratio of the flow and defined as the
ratio between the mass flow of the solid and gas phase, and
ug, up the gas and particle velocities, respectively.

In the present study the values of a are in the order of
99% and hence the particle phase void fraction

ap = 1 - a (2)

is in the order of 1%. These small values of ap indicate a
dilute suspension and, hence, the pressure in the solid phase
may be neglected.

If both the gas and the solid phase are a continuum, a set
of mass, momentum, and energy equations can be written
for each phase of adiabatic, quasi-one-dimensional nozzle
flows.

For the gas phase, the equations become
Continuity:

ap* i 8Gg = 0

Momentum:

Energy:
3Ee

(3)

(4)

(5)

where p* = apg is the gas phase bulk density, Gg = p*ugA the
gas mass flow, Eg=p*(cvTg + V2U2

g) the internal energy per
unit volume, and Hg = cpTg+ l/2Ug the total enthalpy; F is
the interaction force between the phases and Q the heat
transfer between the phases.

For the particle phases, the equations become
Continuity:

dp;
dt

I dG
dx

P _= 0

Momentum:

Energy:

(6)

(7)

where p*=(l-ot)pp is the particle phase bulk density,
Gp =p*upA the particle mass flow, and Ep =p*csTg the inter-
nal energy per unit volume; cs is the heat capacity for the
solid particles.

The two sets of equations are coupled through the interac-
tion force F (or the momentum interchange force), the void
fraction a, and the heat transfer.

The interaction force F, approximately given by the sum
of the drag force applied on each of the N particles and per
unit volume of the suspension, becomes

(9)

where /xg is the dynamic viscosity of the gas phase and the
drag coefficient ratio / is1

(10)

where Rep is the particle Reynolds number.
The spherical particles with the temperature Tp are assumed

to have uniform temperature within the particle. The heat
transfer between the phases (per unit length) is then

Q^6A(apNuk/d2)(Tg-Tp) (11)

The Nusselt number Nu is dependent on the particle
Reynolds and Prandtl numbers, in this case, a relation given
by Carlson and Hriglund11 has been applied.

The problem contains the seven unknowns a, pg, ugt up,
p, Tg and Tp, the six equations [Eqs. (3-8)], and the equa-
tion of state for the gas phase, which will close the problem.

The time-dependent equations [Eqs. (3-8)], which are
hyperbolic, can then be used to obtain the steady-state solu-
tion for the quasi-one-dimensional nozzle flows. The advan-
tage of the time-dependent equations is that it is easy to take
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care of singularities as shocks and for gas Mach number
M=l.

The gas Mach number is defined as

M=ug/c (12)

where c2 = (dp/dp)s t = KRT.
The particle Mach number is furthermore defined as

(13)

Numerical Procedure
Integration of Eqs. (3-8) through time to reach a steady-

state solution requires a proper numerical scheme. A very
large number of schemes have been developed, both explicit
and implicit. Implicit schemes inevitably involve some form
of matrix inversion but allow much larger time steps to be
taken. For simplicity, an explicit scheme for gas/particle
flow calculation will be used herein.

Explicit schemes are limited to time steps that satisfy the
Courant-Friedrichs-Lewy (CFL) condition, i.e.,

(14)

A Lax-Wendroff-Richtmyer (LWR) scheme has been used to
integrate Eqs. (3-8). This scheme is a two-step method which
has second-order accuracy in time and space. The disadvan-
tage of scheme with second-order accuracy is that they give
oscillation around discontinuities as shock. To prevent some
of this oscillation, artificial or numerical viscosity can be
employed. In order to solve the shock condition in the noz-
zle, artificial viscosity is introduced by adding a small part of
upwind differencing to the LWR scheme, i.e.,

new value = (1 - 0)LWR + 0upwind (15)

where 0<0<0.2. The discontinuities occur only in the gas
phase, and the artificial viscosity is only applied to the equa-
tions at this phase. For the particle phase, the pressure term
is omitted and hence the discontinuities. With supersonic
downstream condition, all the variables are calculated in
order to satisfy the downstream moving characteristics. For
subsonic downstream condition one of the characteristics is
moving upstream and one of the variables has to be given. In
this case, the static pressure downstream is given and the
momentum equation removed.

Application to Nozzle Flow
The physical model described in this Note has been applied

to the flow inside the Jet Propulsion Laboratory (JPL) ax-

isymmetric nozzle.7'12 (See Fig. 1.) Figure 2 shows the loca-
tion and the strength of the shock in the JPL nozzle for
loading ratios 0, 0.176, 0.429, and 1, with rf=2pm. The
figure shows that the strength of the frozen shock decreases
with increased loading, and the location moves upstream
with increased loading. This is caused by the upstream condi-
tion of the shock, the pressure rise due to the frozen shock,
the relaxation between the two phases behind the frozen
shock, and the change of the cross-sectional area, in order to
satisfy a given back pressure. Furthermore, Fig. 2 shows an
interesting result for 0= 1. The frozen shock does not occur
and the gas-phase supersonic condition is not obtained.
Figure 3 shows a supersonic downstream solution for the
same condition (mentioned above), and shows that this con-
dition includes a shock. This shock can be expressed as a
mixture shock. To be sure that this is a shocked flow solu-
tion for the two-phase nozzle flow, the condition can be
checked by a nonequilibrium quasi-gas calculation. The
velocity of sound in a nonequilibrium gas/particle suspen-
sion is given as1

(-V--\ C / Of

[l+!3(cs/cp)Tr]
+ Kt3(cs/cp)Tr]+af3(K-l)S(l-S)

(16)

where S = up/ug is the slip ratio, Tr = Tp/Tg the temperature
ratio, and b the velocity of sound in the gas/particle
suspension.

.One—Phase

..Loading no-Leo = . 4 "76

.Loading na-Luo = .429

. Loading no-Leo = 1 .O

-2 . O . 2 .
X—Coordi_na-Le ( cm )

Fig. 2 Gas phase Mach number distribution (particle diameter of 2

-2 . O . 2 .
X-CoordLna-Le (cm)

Fig. 1 JPL nozzle contour.
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Fig. 3 Gas and particle Mach number distribution for weak shock.
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Fig. 4 Gas Mach number distribution (loading ratio of 0.429).

In order to calculate the critical velocity of sound in the
suspension, the slip ratio is

S=l-w/b (17)

where w = ug — up.
For quasi-gas calculation, the critical condition occurs at

the minimum cross-sectional area. The quasi-gas Mach
number MQ is

MQ=Mg(c/b) (18)

Using Eqs. (16-18) with the condition in Fig. 3 gives the
quasi-gas Mach number MQ = l, i.e., shocked flow in the
nozzle. Furthermore, this implies that the gas/particle mix-
ture can have a region with supersonic (quasi-gas supersonic)
flow and, in order to satisfy a given back pressure, a
mixture-shock will occur.

Figure 4 shows the Mach number distribution in the nozzle
for loading ratio 0.429 and particle diam 2, 10, and 20 /mi.
The figure shows that the strength of the frozen shock in-
creases with increased particle diameters. The location of the
shock has a more complicated pattern. At first the shock
location moves upstream and then downstream for increased
particle diameters. This can be explained using physics. The
smaller particles have more influence on the gas flow for the
same particle loading. This is due to the fact that, for the
same particle loading, the total particle surface area effective
for momentum and energy exchange between gas and par-
ticles is greater in a two-phase flowfield involving smaller
diameter particles. The diameter of the particles will then
have influence on the flow upstream of the shock, the frozen
shock, and the relaxation zone behind the frozen shock. In
order to satisfy a given back pressure, the location of the
frozen shock will move upstream and downstream dependent
of the upstream condition, the pressure rise in the frozen
shock, in the relaxation zone, and due to the cross-sectional
area change.

Conclusions
Quasi-one-dimensional gas/particle flows with shock in-

side a nozzle have been studied numerically herein. The
results show: 1) the complexity of the shock pattern is depen-
dent on loading ratio and particle diameter and 2) the strength
of the shock is influenced stongly by the presence of the par-
ticles. The study also shows the mixture-shock condition in the
gas/particle nozzle flow, caused by the fact that the velocity of
sound for the gas/particle mixture is less than the velocity of
sound for the gas phase, and the quasi-gas Mach number is
above one.
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Introduction

T HE standard approach to characterizing the wall region
for turbulent boundary-layer flow involves the use of

the van Driest1 damping factor relationship for mixing
length t

(D

where K is an empirical constant and a+ is associated with
the dimensionless frequency of idealized fluid oscillations
near the wall; AC is generally set equal to 0.41 and a+ is
specified by empirical correlations. However, the damping
factor approach has not been found to provide a secure basis
for generalization. For example, the damping factor ap-
proach has been of limited value in characterizing transi-
tional turbulent flow and variable property flows. Further-
more, damping factor formulations for eddy thermal con-
ductivity (or turbulent Prandtl number, Prt) appear to have
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